Abstract-In this paper, the Raindrop Size Distribution (DSD) modeling and analysis are presented.
INTRODUCTION
The quest for a huge bandwidth for higher data rates coupled with the congestion of lower frequencies has forced communication systems designers to explore the higher frequency bands. The higher frequencies such as microwave and millimeter waves are available and allow multi-Gbit/second signal transmission in terrestrial, satellite and wireless communications. The other advantages that are associated with the frequencies in this range are the immunity to interference, short range capacity coverage, frequency reuse, large bandwidth and easy deployment. At these higher frequencies, the propagation attenuation due to environmental factors such as atmospheric gases, oxygen absorption, foliage blockage, scattering effect (diffused and specular reflection), fog, clouds and precipitation [1] [2] [3] [4] [5] is more pronounced. The chief contributor to impairment at these frequencies is the raindrop, which has roughly the same size as the radio wavelength at higher frequency, and thus causes scattering of the radio signal [3] .
The microwave and millimeter wave attenuation depends considerably on rain rate and raindrop size distribution [3] . In view of the complexity of communication systems required to meet demands of today's users, the adequate knowledge of the rain characteristics of these bands is required in order to appropriately compensate for the signal loss [1] [2] [3] [4] [5] .
In the field of Climatology, Meteorology, hydrology and radio communications, the spatial and temporal studies of rainfall characteristics such as rain rate and raindrop size distribution are important [6] . The reason lies in the unpredictability and stochastic behaviour of climatic parameters. Several researchers have solved this problem by employing empirical, analytical and statistical approaches [7] [8] [9] . The measurement of raindrop size distribution is very much a statistical process which depends on the data collected [7] . There are several measurement methods that have been used in the past for sampling the raindrop size distribution such as the filter paper method, the Doppler radar method, the Opto-electronic method and the electromechanical method. The latter is considered in this paper by using the Joss-Waldvogel RD-80 distrometer [7, 8] . The limitation of such equipment is in the spatial and temporal variation of raindrop size distribution. This limitation can be overcome through the use of radar equipment or employing advanced mathematical techniques to extrapolate point measurements by a Distrometer [1] . It should be noted that the most common reference available in calculating rain attenuation often uses rain intensity R, probably because of a scarcity of rain drop size data. The relationship between rain rate and drop size distribution N (D) is given as :
where v(D) represents the terminal velocity of raindrops in a still air and is measured in meters per second, and D is the equivalent spherical diameter in millimetres [9] . To account for the total attenuation at higher frequency in a system, the first step is to calculate the specific rain attenuation which depends on rain rate and the raindrop size. Extensive work in the South African context has been done by Owolawi [8] on rain rate distributions which are simply expressed by using a statistical distribution expression such as Power law, exponential distribution, gamma and lognormal distribution. In their recent contributions to the raindrop size distribution, it is observed that three popular distribution functions are used to describe raindrop size spectra. The Laws and Parsons [10] and Marshall and Palmer [11] are based on the exponential distribution, and generally used in temperate regions. The other two, Lognormal and modified gamma distributions, are peculiar to tropical and sub-tropical regions [12] [13] [14] [15] [16] . Researchers from Brazil [14] , India [17] , Malaysia [18] , and Nigeria [19, 20] , all from the tropical regions, have employed the latter two distribution functions to model the raindrop size for all kinds of rainfall characteristics in their respective regions. It has been established that the exponential method may not be suitable for tropical and sub-tropical regions, in which South Africa falls [7, 19] .
The traditional modeling method with experimental DSD data is achieved by fitting the raw data which may result in large discrepancies between the modeled and the measured DSD data. The method of moments is often used to represent an estimated DSD input parameter.
The aim of the present work is to employ the method of moments to obtain the DSD parameters and apply the appropriate statistical distributions such as the Lognormal and modified Gamma functions. The results will be tested against the existing models and true DSD population spectra. The model parameters will then be further employed to determine the specific attenuation coefficients from 5 to 100 GHz using the proposed Lognormal models, attenuation crosssection that based on Mie scattering for different rain rate regimes.
EXPERIMENTAL SETUP AND DATA SORTING
In this work, the raindrop size distribution data is measured by the J-W RD-80 Distrometer. The equipment is capable of measuring raindrop diameters between 0.3 mm to > 5 mm with an accuracy of ±5%. The equipment is positioned on the roof top of the School of Electrical, Electronics and Computer Engineering, Durban, South Africa. The geographical coordinates of where the equipment is positioned are latitude 29 • 52 S and longitude 30 • 58 E, with an altitude of 139.7 meters above sea level. At this height, the windy conditions are taken into consideration. It is noted from many literature sources that windy condition serves as the largest single factor degrading measurement accuracy. It is often observed that small drops may pass the observing sensor area at low angles without falling in the sampling area. This problem has led to false terminal velocity [21] [22] [23] [24] [25] . In order to minimize this problem, the Distrometer is placed within two rectangular wall enclosures as presented in Figure 1 . Since the sampling area of a Distrometer is 50 cm 2 , the inner rectangular wall (2 m × 2 m × 0.8 m) is to prevent birds from damaging the cone part of the Distrometer and the outer rectangular wall (3 m × 4.14 m × 11.6 m) is to prevent the wind from drifting the rain drops away from reaching the sampling sensor area.
The data were collected over a period of two years and grouped into four rain regimes based on the rain rate and the general regime where all the raindrop size data is combined. The details of data sorting is described in reference [13] . Several authors have employed rain rate for the classification of raindrop size distribution into their respective rain types such as drizzle, widespread, shower and thunderstorm [20, [26] [27] [28] [29] [30] [31] . As presented by Afullo [29] , raindrop size is classified into the four classes based on the characteristic of unimodal and bimodal effects on the probability density of the drop size distribution in South Africa. Based on this reason, the same classes of rain rate classes are employed in this paper to categorize the raindrop size distribution into the following types:
• Drizzle (0.1 mm/hr < R < 5 mm/hr), • Widespread (5 mm/hr ≤ R < 10 mm/hr),
• Shower (10 mm/hr ≤ R < 40 mm/hr), • Thunderstorm (R ≥ 40 mm/hr).
It should be noted that the rain rate sampling rate is at 1-minute integration time as recommended by the ITU-R. The drop density decreases from drizzle to thunderstorm regime progressively, i.e., drizzle records over 46 000 samples while the thunderstorm sample number is less than 34.
DSD MODELS WITH THE METHOD OF MOMENTS (MOM)
In this section, two main statistical distributions are considered using the method of moments to describe the probability density distribution of the raindrop size data as classified in section one of the paper. The two distributions are the lognormal and modified gamma functions. The general expression to describe the rain rate, R, (in mm/hr) from the distrometer is given in [15] :
where S is the area of the sensitive surface of the distrometer in m 2 (S = 0.005 m 2 ), T the time interval for the measurements in seconds (the standard value of the T = 60 s was used), and ni the ith channel with diameter Di in mm. Note that the distrometer measured raindrop size distribution N (D i )(m −3 mm −1 ) based on the semi-empirical expression is:
where n i is the number of drops measured in drop size class i during the time interval T , ∆D i the diameter interval of drop size class i, and v(D i ) the terminal velocity of rain drop in (m/s) based on the Gunn and Kinzer expression [32] . The equivalent general model using any form of distribution function is summarized as in [13] :
where N T is the raindrop concentration per unit volume of rainfall drops for the different rain regimes and pdf (D) the probability density function of the raindrop distribution. In this paper, we limit the discussion to the two distributions mentioned earlier to describe the pdf (D). The advantages inherent in the application of MoM includes the simplicity of analytical application on the DSD parameters, and physical interpretation of the chosen function parameters of the DSD.
The statistical moment at nth order moment is theoretically expressed as [33] :
where D max and D min are 5 mm and 0.3 mm for the J-W RD-80. To compute raindrop size distribution parameters from the distrometer, Equation (4) is employed and re-expressed as [34] :
Equation (5) is applied to the distrometer measured data and the collected data are then equal to the statistical equivalent at the chosen order of the moment.
Gamma Distribution Model and MoM
In this study, J-W RD-80 distrometer data were fitted using a modified gamma distribution by employing an estimator method of moments. The modified gamma distribution technique is considered because of its ability to represent DSD parameters at low and high diameter of drops. The general expression for raindrop size distribution is given as [15, 29, 35] :
where the DSD parameters N o (mm −1 m −3 ), µ, and Λ (mm −1 ) are the intercept, shape and slope parameters respectively. Note that α is the shape parameter, β is the scale parameter, and C is a constant that depends on α and β as shown in Equation (6b) above. By equating M n in Equation (5) to Equation (6), the resulting solution for the constants of the the modified gamma distribution considering the moment order n = 3, 4, and 6, as presented in [16] , is:
where
In this paper, the statistical relationship between rain rate and DSD parameters are employed in order to explain the characteristics of raindrop size distributions as demonstrated by many authors in the past. Popular among them are, Marshall-Palmer [11] , Ulbrich [35] , Timothy et al. [36] , Ajayi et al. [20] , Fišer et al. [26] and Afullo [29] . These constants are computed with the available raindrop size distribution data to plot the scatter plots shown in Figure 2 . For simplicity, the results are fitted with their respective suitable relationships as presented in Table 1 . The same approach is applied to all the rain regimes and only the shower sample is presented as a sample. It is observed that the results produced weak correlation coefficients (R 2 ), hence the second distribution (Lognormal distribution) is considered and used in this paper due to the improvement in the value of the correlation coefficients. Based on the rain regimes discussed in Section 2 of this paper, the scatter plots for the shower rain type is presented in Figure 2 . The summary of the fitted raindrop distribution parameters for gamma are presented in Table 1 . The presence of different forms of relationships between rain rate and DSD parameter as presented in Table 1 may be due to secondary peaks/bimodal and shifts that present in the DSD spectral as confirmed by several authors [29, 40] . The type of relationships chosen are often used based on the best correlation coefficients by authors who had worked on the microphysics of DSD . Based on these reasons stated earlier, the choice of different relationships between rain rate and DSD parameters is considered in fitting the DSD parameters.
It consists of a mix of power, logarithm, polynomial (2nd order) and linear relationships. It is noted that the raindrop counts are well represented by the power law while other parameters are fitted with different relationship types attaining the best correlation coefficients. The correlation coefficient in the gamma distribution is weak; this may be due to the clusters of the data used. It is observed in Figure 2 that the spread of variability of DSD parameters decreases as the rain rate progressively increases. The reduction in variability of DSD parameters observed may be as a result of a reduction in the DSD parameter range.
It should be noted that the relationship between R and different DSD parameters are fitted using the least-squares criterion, after the method of moments has been used to deduce the values of the DSD parameters from the raindrop size spectra, which take into account the third, fourth and sixth order moments.
Lognormal Distribution Model and MoM
The probability density function of the three-parameter lognormal distribution is considered with a little modification of the distribution input variables.
The three-parameter lognormal distribution is expressed as:
where the random variable mean droplet diameter, D, is said to have a three-parameter lognormal distribution if the random variable
, where D is greater than γ, is normally distributed (µ, σ 2 ), and σ is considered to be greater than zero. The probability density function of the three-parameter lognormal distribution is then given by Pan et al. [37] as:
Equation (10) will be zero if the conditions in Equation (11) are not met. Parameter σ 2 is the variance of Y ; it defines the shape parameter of D, where µ is the mean of Y . The method of moments is considered with a condition that γ = 0, with an expression such that:
Using the same moment order as presented in the gamma distribution, the three input parameters are expressed as follows [38] :
where L 3 , L 4 and L 6 represent the natural logarithms of the measured moments M 3 , M 4 and M 6 respectively. In the case of Lognormal distribution, the scatter plot for widespread rain is chosen and presented in Figure 3 . The lognormal model parameters are fitted with different laws as with the case of the gamma distribution, the only change is in the correlation coefficients, which is better relative to the gamma distribution. Table 3 shows a summary of the fitted lognormal model parameters for different rain regimes. 
COMPARATIVE STUDIES
The accuracy of the proposed models can be evaluated by performing the Root Mean Square Error (RMSE) test as a percentage. The performance technique is employed as prescribed and used by several authors who have worked in this area of study [15, 16, 28] . The expression is presented as:
where N (D i ) is the calculated droplet size of the measured data, and N denotes the number of channels provided by the distrometer measurement system. The modeled N (D i ) represents the proposed and existing models from other regions of the world. Although, the RMSE is used in this work because it is widely employed to describe the average model performance, nevertheless, it has been reported to be inappropriate and misinterpreted the measure of average error [43] . Figure 4 shows the measured DSD data and existing models like the modified gamma distribution model [38, 39] (Singapore model) and lognormal model [19] (proposed and west Africa model) and the proposed gamma model. Table 3 gives a summary of the percentage of RMSE for different rain rates and raindrop size distribution models. Table 3 shows that the RMSE ranges between 3.72% and 52.73%. The table reveals that as the rain rate increases, the RMSE increases progressively in all the compared models. The highest value of RMSE is recorded in the modified gamma model (Singapore) and the least RMSE is observed in the proposed lognormal model. Based on the RMSE, the best performance of the proposed and existing models are presented as follows: modified gamma model (Singapore), Lognormal model (Singapore), proposed gamma model, Lognormal model (West Africa) and proposed Lognormal model.
SPECIFIC RAIN ATTENUATION
In this paper, we used the Mie Scattering theory to calculate specific rain attenuation using local rain rate and drop size distribution data collected in Durban, South Africa. Since in this paper our interest is to study the characteristics of the specific attenuation in different rain classes, the adoption of the Mie Scattering has been considered. The polarization independent specific rain attenuation denoted by A s (dB/km) is calculated by integrating the raindrop size distribution models and is given, as in [40, 41] , by: where Q is the total extinction cross-section in mm 2 which depends on the drop diameter D, wavelength λ, and complex refractive index of the raindrop m. The refractive index of the raindrop also depends on the propagating frequency, temperature and drop size distribution. Q is given as:
where Re is the real part of the expression (18) , and a n and b n are the Mie scattering coefficients which depend on the drop diameter, wavelength and complex refractive index of the raindrops. The complex refractive index is determined by using the Liebe model [40] . The average maximum temperature (28 • C) during the summer period (rainy season) in Durban is adopted. Using the general power law, the specific rain attenuation is equivalent to:
In order to determine the coefficients a and b, Equations (17) and (18) are used for specific attenuation computations and the results fitted as a function of rainfall rate via the regression technique. The specific attenuation is determined for different rain types by using the Liebe complex refractive index model, the terminal velocity and the different raindrop size distribution model based on rain type regimes. Due to the non-spherical shape of raindrops, a circular polarization is assumed. In order to determine the coefficients for the power law relationship between specific attenuation A s and rain rate R (mm/hr), the non-linear optimization regression method is used as recommended by ITU-R P.838-3 [42] and the same approach has been employed by several authors [1, 3, 19, 40, 41, 44, 45] . Thus, the coefficients a and b for different rain types are developed considering circular polarization. Table 4 gives a summary of the coefficients with respect to the corresponding rain types. It is noticed that the coefficient a value decreases progressively as the trend moves from drizzle to thunderstorm raindrop regime. In the case of the coefficient b values, the reverse is true. As a function of frequency, as the frequency increases, the coefficient a values increase as well, while the coefficient b values decrease with the increase in frequency in each rain regime.
Figures 5(a), (b), (c), and (d) represent the specific rain attenuation for the drizzle, widespread, shower, thunderstorm and the models compare with the general model derived from the combined rain drop size data, and ITU-R P.838-3 specific rain attenuation for the frequency range 1-100 GHz [42] . It is worth mentioning here that the ITU-R model is based on the Laws-Parsons DSD model, which may not be adequate in a region such as Durban, which is located in the sub-tropical region of the Country.
It is observed from Figure 5 that the specific rain attenuation increases with frequency.
The most pronounced specific rain attenuation is recorded in the thunderstorm rain regime while the least value of the specific rain attenuation is found in the drizzle regime.
Considering the frequency of 5 GHz at rain rates of 4 mm/hr, 9 mm/hr, 30 mm/hr and 100 mm/hr, the specific rain attenuation will increase by 67% between the drizzle rain regime and the widespread rain regime. In the case of drizzle and thunderstorm regimes, the increase is approximately 2145%. At the same specified rain rates and frequency of 50 GHz, the drizzle/widespread increase is 69%, 
while drizzle/thunderstorm increase records approximately 1182%. At 100 GHz, the least % difference is observed for the drizzle/widespread and drizzle/thunderstorm; the values are 35% and 431% respectively. In the case of the general models, the results obtained for drizzle shows about 10% increase in specific attenuation compared to that obtained using the dedicated drizzle model. For rain rates of 9 mm/hr, 30 mm/hr and 100 mm/hr, the specific rain attenuation is less compared to that obtained through the corresponding regime dedicated models for widespread, shower and thunderstorm respectively. Another notable point in Figure 5 , is that the ITU-R model overestimated almost in all rain regimes with a less discrepancy at low rain rates. The progressive increase in the differences between the ITU-R model and the proposed models with increased rain rate is an indication of the difference between the proposed DSD models and the Laws-Parsons DSD model. 
CONCLUSION
In this paper, raindrop size distribution data is modeled using the method of moments and fitted with lognormal and modified gamma distributions.
The former is considered because of its average correlation coefficients. The model results are compared with two sub-, and tropical models of West Africa's lognormal and Singapore's modified gamma and lognormal models respectively. The results show that the proposed model performs better at all chosen rain types.
The proposed dropsize models are applied to determine specific rain attenuation coefficients for different rain types and compared to the general model which comprises of all raindrop size distributions. With the exception of the drizzle rain type, the value of the specific rain attenuation obtained using the general model is less compared to the one obtained through their respective dedicated models. The specific rain attenuation for drizzle is 10% higher when employing the general model as opposed to that obtained from the dedicated model. The results of the proposed raindrop size distribution models and specific rain attenuation coefficients may be of great interest to satellite and terrestrial systems designers in Southern Africa.
